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Abstract. In this paper we show that any proper positively homogeneous function annihilating at
the origin is a pointwise minimum of sublinear functions (MSL function). By means of a
generadlized Gordan’s theorem for inequality systems with MSL functions, we present an
application to a locally Lipschitz extremum problem without constraint qualifications.
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1. Introduction and dual characterization

Glover et al. presented in [3] a generalized Farkas lemma for inequality systems
with pointwise minimum of sublinear functions (MSL functions). They aso stated
that such a class of functions is very wide. The aim of this paper is to show that the
class of the MSL functions is equivalent to the class of the proper positively
homogeneous functions which are zero at the origin. This, together with a
generalized Gordan’s theorem for MSL functions, paves the way to deriving a
necessary optimality condition in dua form for a locally Lipschitz extremum
problem without any constraint qualification.

We briefly give the notation used below. X is areal normed vector space with the
norm || - ||, X* is its topologica dual space endowed with the weak* topology and
(-, +) denotes the canonical pairing between X* and X. We denote by S the unit
sphere; for a set A, we denote the closure, the interior, the convex hull, and the
conical hull of A by cl A int A, conv A, and cone A, respectively. The recession
cone of A is

0"A:={xEX:A+XxXCA}.
The indicator function associated to A is defined by

. [0, if xEA,
XA =140  ifxzA

while, if A is a subset of X*, the support function associated to A is

o(X, A):= sup (X*,X).
X*EA
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The polar cone associated to a cone K in X is
Ke:={x* eX*:{x*,x)<0, for al xeK}.

A function p: X - RU {40} is proper if dom p # @, where
dom p:={xeX: p(X) < +w}.

If the function p is the support function of a closed convex set A, then its domain is
called barrier cone of A and it is denoted by barr A:=dom o(- , A). The function p
is sublinear if it is proper convex and positively homogeneous. If p is lower
semicontinuous then [7] there exists a unique nonempty closed convex subset of X*,
called subdifferential and denoted by ap(0), such that p(x) = o(x, dp(0)). Lastly, let
&> 0 be fixed; the e-subdifferential of p a x, € dom p is the closed convex set

a,.p(Xo) = X* €X* 1 p(x¥) = p(X,) + (X*, X —X,) — & for dl xeX}.

The e-subdifferential of lower semicontinuous sublinear functions at zero coincides
with the subdifferential.

DEFINITION 1. A function p: X - R U {+} is said to be pointwise minimum of
sublinear functions (MSL function) if there exist an index set T and a family
{p,:tET} of lower semicontinuous proper sublinear functions such that

p(x)=rtr;ip p.(x), for al xeX.

By means of the result in [7] the definition of MSL function is equivalent to the
existence of a family {o(p,t):t €T} of nonempty closed convex sets in X* such
that

p() =min o(x, a(p, 1)), for al x&X.

Clearly an MSL function is positively homogeneous and it is zero at the origin. The
concept of MSL function falls under the more general definition of inf-convexity that
was used by Kutateladze and Rubinov [8]. In [1] Crouzeix showed that, if p is a
continuous and quasiconvex positively homogeneous function on R", then p is an
MSL function with the index set T including only two elements. The converse does
not hold; indeed the function p(x) := —|x| defined on R is an MSL function with
respect to T={+1} and p. ,(X) = £x but it is not quasiconvex. Lastly, in [3] Glover
et a. showed that the class of MSL functions includes the class of difference
sublinear functions. Now we show that the class of MSL functionsis very wide: it is
equivalent to the set of the positively homogeneous functions annihilating at the
origin.

THEOREM 1. Let p: X - RU {4} be a positively homogeneous function such
that p(0) = 0; then p is an MSL function.

Proof. If dom p = {0}, then we choose T a singleton and dp(0) := X*; otherwise
let T:=S Ndom p# 0 and, for each z&€ T, we define
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a(p, 2 = (cone{z})® + p(z*
where z* = z*(2) € X* is chosen so that (z*, z) = 1. Then, for each x € X,
o(x, a(p, 2) = p()(z*, X) + a(x, (cone{z})°) = p(2)(z*, x) + (x, cone{z}) ,

where the last equality descends from the relation o(- , K°) = (- , K) which holds
for each closed convex cone K. Thus

min o(x, a(p, 2)) =min {p(2)(z*, x) + (x, coneiz})} = p(x) ,

and the theorem is proved. O

REMARK 1. Theorem 1 holds aso for X a separated locally convex space. Fixed
z& dom p, consider the function

p,(X) : X - R U {+x}
defined by

_[tp(@, ifx=tzwitht=0,
pz(x)—{Jroo, otherwise.

Then, the function p, is lower semicontinuous and sublinear; moreover

p() = min p,(x).
zedom p

The representation that we have just given might seem too general, in the sense
that the index set T might appear too big. Actually, the following example shows
that there exist MSL functions such that each index set T has cardinality not less
than that of S N dom p.

EXAMPLE 1. Let X:=R? and, for each nonzero x € R?, set «, the unique element
of [0,2[ such that x = ||x||(cos(a, 7), sin(a, 77)). Consider the following positively
homogeneous function p: R* - R defined by

.0, ifx=(0,0)0r o, 2Q,
PO =1\x, if o, c@.

Clearly, from Theorem 1, p is MSL and we show that we can not associate the same
subdifferential d(p,t) to different points x;,x, €S with 0<¢q, < <1 and
o, a £ Q. If, by contradiction, there exists d(p, t) such that

o(x,, d(p. 1) = (X, d(p, 1)) =0,
we have
o(Ax, + (1= A)x,, d(p, 1)) =0, foral A€[0,1].
Since X, 1= AX; + (1= A)x,#(0,0) and f(x,) =0, then o, 2Q for al o, €
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[, a,] which contradicts the density of Q. Therefore the cardinality of every
index set T is not less than that of S.

We conclude proving that for a Lipschitz positively homogeneous function p, the
functions p, may be chosen to be continuous or, equivalently, the sets a(p, t) may be
chosen compact.

THEOREM 2. Let p: X - R be a Lipschitz positively homogeneous function with
constant k. Then there exist an index set T and a family {p,:t € T} of continuous
proper sublinear functions such that

p(x)zrtréip p.(x), for al xeX.

Proof. Sincedom p =X, for every z€ S the function p, defined in Remark 1 isa
lower semicontinuous proper sublinear function. Consider the function

() = inf{Klix,[| + p,(x;) : X, + X, =X}
= inf{k|[x — X|| + p,(X) : x € X}
=inf{k|x —tZ| + tp(@) : t =0} .

Since p” is the infimal convolution of two proper sublinear functions with one of
them continuous, then it is a continuous sublinear function. From the Lipschitz
assumption, we have

p(x) <k|x —tz| + p(t2), for all t=0 and x € X
and therefore
p‘¥) =p(x), foral xeX.
Moreover, if XE€ S, choosing z=x and t =1, we have
p*(x) = inf{k|x — tx|| + tp(x) : t = 0} < p(X) ,
which implies
p(X) = p*(x) =I;T;IQ p“x), foral xeSs.
Therefore, for each x € X\{0},
pG) = [ p(bdl ™) = [P (I ~*x) = x| min p(Ix] ~*x) =min p*x)

which proves the statement. O

2. Application to nonsmooth programming problem

Recently some solvability results involving inf-convex functions were presented in
[4] and, more specifically, a generalization of the Farkas lemma for MSL systems
was proved in [3]. The aim of this section is to state a generalization of the Gordan’'s
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theorem [5] and to apply it to a locally Lipschitz extremum problem. In what
follows we assume that | :={1,..., m} isafiniteindex set, and p, : X - R U {+o0},
i €l,:={0}U I, are MSL functions such that there exist families {0(p,, t,) : t, ET,},
i €1, of nonempty closed convex subsets of X* with

pi(x):=tr_neip o a(p,t)), fordliel,. (1)
THEOREM 3. Assume that for eachi €1,, p, : X - RU{+%} isan MSL function
with (1) being satisfied; then the following statements are equivalent.

(i) it is impossible the system

pX) <0, iE€ly;
(ii) for each (t,, t,, ... ,tm)EHiE,OTi,

0 & cl conv U ap,t).

il

Moreover, if barr d(p;, t;) are closed statement (i) is equivalent to the following one:
(iii) for each (o, t;,... 1) €L, T, there exist A, =0, i €1,, not all zero,
such that

oed( > Ad(pLt)+ > O+a(pi,ti)>.

i€14,4;>0 i€19,A;=0
Proof. Statement (i) is equivalent to the impossibility of the system
ox a(p, ) <0, i€l (2)
for each fixed t:= (to, ty, ..., 1) €L, T;. Define

P09 1= max a(x, a(p, 1)) = ot ol conv U a(p, 1);

therefore the impossibility of (2) is equivalent to affirm that P, assumes global
minimum at the origin and thus

0&€ 9P,(0) = cl conv U ap,t)
i€l

which is statement (ii). Let us consider (i) and (iii). The impossibility of (2) is aso

equivalent to the disjunction between the interior of the negative orthant R* ™™ and

the convex cone
¢ ={yeR" ™ :there exists x EX st. o(x, a(p,, 1)) <y, foral i €1.}.

By the separation theorem, there exists a nonzero vector A € R**™ such that

> Az sOs_E Ao(X, a(p,t)),

i€ly i€ly

for all z€intR*™ and xe [ ) barr o(p,.t.) .

i€ly
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From the first inequality we deduce A, =0, from the second inequality we obtain
that the function

FOi= 2 Ao a(p.t)+ 2 8(x bara(p,t))

i€15,A;>0 i€15,4,=0

assumes global minimum at the origin and then

0i( S wot.am)+ X o6, bari(p,t)©). €)

i€19,A;>0 i€15,A;=0

The closure of the sets barr d(p,, t;) implies that F is sum of lower semicontinuous
functions and thus we may apply to (3) the formula derived in [6, Theorem 2.1],
deriving

0e m C|< > d,0(0, /\ia(pi’ti))' > 355(01barra(piati))>;

>0 i€1g,A;>0 i€lg,A=0
therefore
oeﬂd( S oaapet) 2 (barra(pi,ti»").
>0 i€10,A;>0 i€1g,A;=0

Since & does not appear into the intersection, and (barr a(p,, t,))°=0"a(p,, t,), we

achieve the thesis. O
Let us apply Theorem 3 to the inequality constrained extremum problem

min{f,): f¥) <0,iel:={1,...,m}} 4

where f, : X - R are locally Lipschitz functions, i €1,:={0} U |. We recall that the
upper and lower Dini directional derivatives of afunction ¢ : X - R at x € X in the
direction v € X are defined, respectively, by

p(X+1tv) — ¢(X)
N :

D, o(x,Vv) :=limsup
tL0

p(x +tv) — ¢(¥)
n .

THEOREM 4. Let X € X be a local optimal solution for (4), and let
I(X):={i €1 : f(x) =0}

the index set of the active constraints. Then
(i) there exist families

D_o(x,v):=liminf
tL0

{02 15(X) 1t E Toh i ={a(D_ (% ), t) 1t E T},

210t ET}:={0D, f(X ) t) L ET}, for all i €1(X)

of nonempty compact convex sets of X* such that
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o b . —
D_fo(x v) =mn o(v, 9, fo(x)),
D, f(x,v) =min a(v, a0 f(x)), for all i €I1(X).
tIE 1 !

(ii) for eacht €11, o010 Ti» thereexist A, =0, i € {0} U I(x), not all zero, such
that
0E€ A To() + 2 Aar f(X).
iel(x)

Proof. Since f, i €{0}UI(x), are Lipschitz functions then also their Dini
derivatives are Lipschitz positively homogeneous functions and (i) follows from
Theorem 2. Moreover, it is easy to verify that, if x € X is a local optimal solution
for (4), then the system

D_f,(xv)<0
{D+fi(>7,v)<0, i €1(x) (5)

is not consistent. For each t €11, (g, T
barr o, - fo(X) = barr o+ f,(x) = X

then, from Theorem 3, the impossibility of the system (5) is equivalent to state that
there exist A, =0, i €{0} U I(x), not all zero, such that

oed<Aoa{j; LX)+ > Aia{3i+fi(>?)) .

ie1(x)
Since ;. f,(X) and 9. f(x) are compact sets we can omit closure proving the
thesis. 0

3. Conclusion

In this paper we have presented a dua characterization for a proper positively
homogeneous function p such that p(0) = 0. Moreover, we have shown that, if p is
furthermore a Lipschitz function, such a characterization may be obtained with
compact convex sets. Lastly, by means of a generalized Gordan's theorem, we have
developed a necessary optimality condition in dual form for a localy Lipschitz
extremum problem by using Dini derivatives.
A similar approach has been developed in [2]. A family of compact sets E* is
called an upper exhauster of the positively homogeneous function p if
p(x) =Cinf max (x*,X) ; (6)

*EeE* x*eC*
so that the definition of MSL function has been obtained replacing inf with min and
max with sup in (6). Nevertheless, the family of functions which admit a
representation by means of upper exhauster is less wide than the class of MSL
function. It was shown in [2] that any real-valued upper semicontinuous positively
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homogeneous function, defined on a finite dimensional Euclidean space and
vanishing at the origin, can be expressed as an infimum of sublinear continuous
real-valued functions. In [9] this result was extended in uniformly convex Banach
spaces.
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